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Abstra
tA set is autoredu
ible if it 
an be redu
ed to itself by a Turing ma
hine that does notask its own input to the ora
le. We use autoredu
ibility to separate the polynomial-time hi-erar
hy from exponential spa
e by showing that all Turing-
omplete sets for 
ertain levels ofthe exponential-time hierar
hy are autoredu
ible but there exists some Turing-
omplete set fordoubly exponential spa
e that is not.Although we already knew how to separate these 
lasses using diagonalization, our proofsseparate 
lasses solely by showing they have di�erent stru
tural properties, thus applying Post'sProgram to 
omplexity theory. We feel su
h te
hniques may prove unknown separations in thefuture. In parti
ular, if we 
ould settle the question as to whether all Turing-
omplete setsfor doubly exponential time are autoredu
ible, we would separate either polynomial time frompolynomial spa
e, and nondeterministi
 logarithmi
 spa
e from nondeterministi
 polynomialtime, or else the polynomial-time hierar
hy from exponential time.We also look at the autoredu
ibility of 
omplete sets under nonadaptive, bounded query,probabilisti
 and nonuniform redu
tions. We show how settling some of these autoredu
ibilityquestions will also lead to new 
omplexity 
lass separations.Key words: 
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1 Introdu
tionWhile 
omplexity theorists have made great strides in understanding the stru
ture of 
omplexity
lasses, they have not yet found the proper tools to do nontrivial separation of 
omplexity 
lassessu
h as P and NP. They have developed sophisti
ated diagonalization, 
ombinatorial and algebrai
te
hniques but none of these ideas have yet proven very useful in the separation task.Ba
k in the early days of 
omputability theory, Post [13℄ wanted to show that the set of non
om-putable 
omputably enumerable sets stri
tly 
ontains the Turing-
omplete 
omputably enumerablesets. In what we now 
all \Post's Program" (see [11, 15℄), Post tried to show these 
lasses di�erby �nding a property that holds for all sets in the �rst 
lass but not for some set in the se
ond.We would like to resurre
t Post's Program for separating 
lasses in 
omplexity theory. Inparti
ular we will show how some 
lasses di�er by showing that their 
omplete sets have di�erentstru
ture. While we do not separate any 
lasses not already separable by known diagonalizationte
hniques, we feel that re�nements to our te
hniques may yield some new separation results.In this paper we will 
on
entrate on the property known as \autoredu
ibility." A set A isautoredu
ible if we 
an de
ide whether an input x belongs to A in polynomial-time by makingqueries about membership of strings di�erent from x to A.Trakhtenbrot [16℄ �rst looked at autoredu
ibility in both the unbounded and spa
e-boundedmodels. Ladner [10℄ showed that there exist Turing-
omplete 
omputably enumerable sets thatare not autoredu
ible. Ambos-Spies [1℄ �rst transferred the notion of autoredu
ibility to thepolynomial-time setting. More re
ently, Yao [19℄ and Beigel and Feigenbaum [5℄ have studieda probabilisti
 variant of autoredu
ibility known as \
oheren
e."In this paper, we ask for what 
omplexity 
lasses do all the 
omplete sets have the autore-du
ibility property. In parti
ular we show:� All Turing-
omplete sets for �EXPk are autoredu
ible for any 
onstant k, where �EXPk+1 denotesthe sets that are exponential-time Turing-redu
ible to �Pk .� There exists a Turing-
omplete set for doubly exponential spa
e that is not autoredu
ible.Sin
e the union of all sets �EXPk 
oin
ides with the exponential-time hierar
hy, we obtain a separa-tion of the exponential-time hierar
hy from doubly exponential spa
e and thus of the polynomial-time hierar
hy from exponential spa
e. Although these results also follow from the spa
e hierar
hytheorems [9℄ whi
h we have known for a long time, our proof does not dire
tly use diagonalization,rather separates the 
lasses by showing that they have di�erent stru
tural properties.Issues of relativization do not apply to this work be
ause of ora
le a

ess (see [8℄): A polynomial-time autoredu
tion 
annot view as mu
h of the ora
le as an exponential or doubly exponential
omputation. To illustrate this point we show that there exists an ora
le relative to whi
h some
omplete set for exponential time is not autoredu
ible.Note that if we 
an settle whether the Turing-
omplete sets for doubly exponential time areall autoredu
ible one way or the other, we will have a major separation result. If there ex-ists a Turing-
omplete set for doubly exponential time that is not autoredu
ible, then we getthat the exponential-time hierar
hy is stri
tly 
ontained in doubly exponential time thus that thepolynomial-time hierar
hy is stri
tly 
ontained in exponential time. If all of the Turing-
ompletesets for doubly exponential time are autoredu
ible, we get that doubly exponential time is stri
tly
ontained in doubly exponential spa
e, and thus polynomial time stri
tly in polynomial spa
e. Wewill also show that this assumption implies a separation of nondeterministi
 logarithmi
 spa
e fromnondeterministi
 polynomial time. Similar impli
ations hold for spa
e bounded 
lasses (see Se
tion2



5). Autoredu
ibility questions about doubly exponential time and exponential spa
e thus remainan ex
iting line of resear
h.We also study the nonadaptive variant of the problem. Our main results s
ale down oneexponential as follows:� All truth-table-
omplete sets �Pk are truth-table-autoredu
ible for any 
onstant k, where �Pk+1denotes that sets polynomial-time Turing-redu
ible to �Pk .� There exists a truth-table-
omplete set for exponential spa
e that is not truth-table-autoredu-
ible.Again, �nding out whether all truth-table-
omplete sets for intermediate 
lasses, namely polynomialspa
e and exponential time, are truth-table-autoredu
ible, would have major impli
ations.In 
ontrast to the above results we exhibit the limitations of our approa
h: For the restri
tedredu
ibility where we are only allowed to ask two nonadaptive queries, all 
omplete sets for EXP,EXPSPACE, EEXP, EEXPSPACE, et
., are autoredu
ible.We also argue that uniformity is 
ru
ial for our te
hnique of separating 
omplexity 
lasses, be-
ause our nonautoredu
ibility results fail in the nonuniform setting. Razborov and Rudi
h [14℄ showthat if strong pseudo-random generators exist, \natural proofs" 
annot separate 
ertain nonuniform
omplexity 
lasses. Sin
e this paper relies on uniformity in an essential way, their result does notapply.Regarding the probabilisti
 variant of autoredu
ibility mentioned above, we 
an strengthenour results and 
onstru
t a Turing-
omplete set for doubly exponential spa
e that is not evenprobabilisti
ally autoredu
ible. We leave the analogue of this theorem in the nonadaptive settingopen: Does there exist a truth-table-
omplete set for exponential spa
e that is not probabilisti
allytruth-table autoredu
ible? We do show that every truth-table-
omplete set for exponential timeis probabilisti
ally truth-table autoredu
ible. So, a positive answer to the open question wouldestablish that exponential time is stri
tly 
ontained in exponential spa
e. A negative answer, on theother hand, would imply a separation of nondeterministi
 logarithmi
 spa
e from nondeterministi
polynomial time.Here is the outline of the paper: First, we introdu
e our notation and state some preliminariesin Se
tion 2. Next, in Se
tion 3 we establish our negative autoredu
ibility results, for the adaptiveas well as the nonadaptive 
ase. Then we prove the positive results in Se
tion 4, where we alsobrie
y look at the randomized and nonuniform settings. Se
tion 5 dis
usses the separations thatfollow from our results and would follow from improvements on them. Finally, we 
on
lude inSe
tion 6 and mention some possible dire
tions for further resear
h.1.1 Errata to 
onferen
e versionA previous version of this paper [6℄ erroneously 
laimed proofs showing all Turing-
omplete setsfor EXPSPACE are autoredu
ible and all truth-table-
omplete sets for PSPACE are nonadaptivelyautoredu
ible. Combined with the additional results in this version, we would have a separation ofNL and NP (see Se
tion 5).However the proofs in the earlier version failed to a

ount for the growth of the running timewhen re
ursively 
omputing previous players' moves. We use the proof te
hnique in Se
tion 3though unfortunately we get weaker theorems. The original results 
laimed in the previous versionremain important open questions as resolving them either way will yield new separation results.
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2 Notation and PreliminariesMost of our 
omplexity theoreti
 notation is standard. We refer the reader to the textbooks byBal
�azar, D��az and Gabarr�o [4, 3℄, and by Papadimitriou [12℄.We use the binary alphabet � = f0; 1g. We denote the di�eren
e of a set A with a set B, i.e.,the subset of elements of A that do not belong to B, by A nB.For any integer k > 0, a �k-formula is a Boolean expression of the form9 y1 2 �n1;8 y2 2 �n2; : : : ; Qk yk 2 �nk : �(y1; y2; : : : ; yk; z); (1)where � is a Boolean formula, Qi denotes 9 if i is odd, and 8 otherwise, and the ni's are positiveintegers. We say that (1) has k � 1 alternations. A �k-formula is just like (1) ex
ept starts with a8-quanti�er. It also has k � 1 alternations. A QBFk-formula is a �k-formula (1) or a �k-formulawithout free variables z.For any integer k > 0, �Pk denotes the k-th �-level of the polynomial-time hierar
hy. Wede�ne these levels re
ursively by �P0 = P, and �Pk+1 = NP�Pk . The �-levels of the polynomial-timeand exponential-time hierar
hy are de�ned as �Pk+1 = P�Pk respe
tively �EXPk+1 = EXP�Pk . Thepolynomial-time hierar
hy PH equals the union of all sets �Pk , and the exponential-time hierar
hyEXPH similarly the union of all sets �EXPk .A redu
tion of a set A to a set B is a polynomial-time ora
le Turing ma
hine M su
h thatMB = A. We say that A redu
es to B and write A 6PT B (\T" for Turing). The redu
tion Mis nonadaptive if the ora
le queries M makes on any input are independent of the ora
le, i.e., thequeries do not depend upon the answers to previous queries. In that 
ase we write A 6Ptt B (\tt"for truth-table). Redu
tions of fun
tions to sets are de�ned similarly. If the number of queries onan input of length n is bounded by q(n), we write A 6Pq(n)�T B respe
tively A 6Pq(n)�tt B; if it isbounded by some 
onstant, we write A 6Pbtt B (\b" for bounded). We denote the set of queriesof M on input x with ora
le B by QMB (x); in 
ase of nonadaptive redu
tions, we omit the ora
leB in the notation. If the redu
tion asks only one query and answers the answer to that query, wewrite A 6Pm B (\m" for many-one).For any redu
ibility 6Pr and any 
omplexity 
lass C, a set C is 6Pr -hard for C if we 
an 6Pr -redu
eevery set A 2 C to C. If in addition C 2 C, we 
all C 6Pr -
omplete for C. For any integer k > 0,the set TQBFk of all true QBFk-formulae is 6Pm-
omplete for �Pk . For k = 1, this redu
es to thefa
t that the set SAT of satis�able Boolean formulae is 6Pm-
omplete for NP.Now we get to the key 
on
ept of this paper:De�nition 2.1 A set A is autoredu
ible if there is a redu
tion M of A to itself that never queriesits own input, i.e., for any input x and any ora
le B, x 62 QMB (x). We 
all su
h M an autoredu
-tion of A.We will also dis
uss randomized and nonuniform variants. A set is probabilisti
ally autoredu
ible if ithas a probabilisti
 autoredu
tion with bounded two-sided error. Yao [19℄ �rst studied this 
on
eptunder the name \
oheren
e". A set is nonuniformly autoredu
ible if it has an autoredu
tion that usespolynomial advi
e. For all these notions, we 
an 
onsider both the adaptive and the nonadaptive
ase. For randomized autoredu
ibility, nonadaptiveness means that the queries only depend on theinput and the random seed.3 Nonautoredu
ibility ResultsIn this se
tion, we show that large 
omplexity 
lasses have 
omplete sets that are not autoredu
ible.4



Theorem 3.1 There is a 6P2�T-
omplete set for EEXPSPACE that is not autoredu
ible.Most natural 
lasses 
ontaining EEXPSPACE, e.g., EEEXPTIME and EEEXPSPACE, also havethis property.We 
an even 
onstru
t the 
omplete set in Theorem 3.1 to defeat every probabilisti
 autoredu
-tion:Theorem 3.2 There is a 6P2�T-
omplete set for EEXPSPACE that is not probabilisti
ally autore-du
ible.In the nonadaptive setting, we obtain:Theorem 3.3 There is a 6P3�tt-
omplete set for EXPSPACE that is not nonadaptively autore-du
ible.Unlike the 
ase of Theorem 3.1, our 
onstru
tion does not seem to yield a truth-table-
omplete setthat is not probabilisti
ally nonadaptively autoredu
ible. In fa
t, as we shall show in Se
tion 4.3,su
h a result would separate EXP from EXPSPACE. See also Se
tion 5.We will detail in Se
tion 4.3 that our nonautoredu
ibility results do not hold in the nonuniformsetting.3.1 Adaptive Autoredu
tionsSuppose we want to 
onstru
t a nonautoredu
ible Turing-
omplete set for a 
omplexity 
lass C,i.e., a set A su
h that:1. A is not autoredu
ible.2. A is Turing-hard for C.3. A belongs to C.If C has a 6Pm-
omplete set K, realizing goals 1 and 2 is not too hard: We 
an en
ode K in A,and at the same time diagonalize against all autoredu
tions. A straightforward implementationwould be to en
ode K(y) as A(h0; yi), and stage-wise diagonalize against all 6PT-redu
tions M bypi
king for ea
h M an input x not of the form h0; yi that is not queried during previous stages, andsetting A(x) = 1 �MA(x). However, this 
onstru
tion does not seem to a
hieve the third goal.In parti
ular, de
iding the membership of a diagonalization string x to A might require 
omputingA(h0; yi) = K(y) on inputs y of length jxj
, assuming M runs in time n
. Sin
e we have to do thisfor all potential autoredu
tions M , we 
an only bound the resour
es (time, spa
e) needed to de
ideA by a fun
tion in t(n!(1)), where t(n) denotes the amount of resour
es some deterministi
 Turingma
hine a

epting K uses. That does not suÆ
e to keep A inside C.To remedy this problem, we will avoid the need to 
ompute K(y) on large inputs y, say of lengthat least jxj. Instead, we will make sure we 
an en
ode the membership of su
h strings to any set,not just K, and at the same time diagonalize against M on input x. We will argue that we 
an dothis by 
onsidering two possible 
oding regions at every stage as opposed to a �xed one: the leftregion L, 
ontaining strings of the form h0; yi, and the right region R, similarly 
ontaining stringsof the form h1; yi. The following states that we 
an use one of the regions to en
ode an arbitrarysequen
e, and set the other region su
h that the output of M on input x is �xed and indi
ates theregion used for en
oding. 5



Statement 3.1 Either it is the 
ase that for any setting of L there is a setting of R su
h thatMA(x) a

epts, or for any setting of R there is a setting of L su
h that MA(x) reje
ts.This allows us to a
hieve goals 1 and 2 from above as follows. In the former 
ase, we will setA(x) = 0 and en
ode K in L (at that stage); otherwise we will set A(x) = 1 and en
ode K in R.Sin
e the value of A(x) does not a�e
t the behavior of MA on input x, we diagonalize against Min both 
ases. Also, in any 
ase K(y) = A(hA(x); yi);so de
iding K is still easy when given A. Moreover | and 
ru
ially | in order to 
ompute A(x),we no longer have to de
ide K(y) on large inputs y, of length jxj or more. Instead, we have to
he
k whether the former 
ase in Statement 3.1 holds or not. Although quite 
omplex a task, itonly depends on M and on the part of A 
onstru
ted so far, not on the value of K(y) for any inputof length jxj or more: We verify whether we 
an en
ode any sequen
e, not just the 
hara
teristi
sequen
e of K for lengths at least jxj, and at the same time diagonalize against M on input x.Provided the 
omplexity 
lass C is suÆ
iently powerful, we 
an perform this task in C.There is still a 
at
h, though. Suppose we have found out that the former 
ase in Statement3.1 holds. Then we will use the left region L to en
ode K (at that stage), and we know we 
andiagonalize against M on input x by setting the bits of the right region R appropriately. However,de
iding exa
tly how to set these bits of the non
oding region requires, in addition to determiningwhi
h region we should use for 
oding, the knowledge of K(y) for all y su
h that jxj 6 jyj 6 jxj
.In order to also 
ir
umvent the need to de
ide K for too large inputs here, we will use a slightlystronger version of Statement 3.1 obtained by grouping quanti�ers into blo
ks and rearrangingthem. We will partition the 
oding and non
oding regions into intervals. We will make sure thatfor any given interval, the length of a string in that interval (or any of the previous intervals) isno more than the square of the length of any string in that interval. Then we will blo
k-wisealternately set the bits in the 
oding region a

ording to K, and the 
orresponding ones in thenon
oding region so as to maintain the diagonalization against M on input x as in Statement 3.1.This way, in order to 
ompute the bit A(h1; zi) of the non
oding region, we will only have to queryK on inputs y with jyj 6 jzj2, as opposed to jyj 6 jzj
 for an arbitrarily large 
 depending on M aswas the 
ase before.This is what happens in the next lemma, whi
h we prove in a more general form, be
ause wewill need the generalization later on in Se
tion 5.Lemma 3.4 Fix a set K, and suppose we 
an de
ide it simultaneously in time t(n) and spa
es(n). Let � : N ! (0;1) be a 
onstru
tible monotone unbounded fun
tion, and suppose there isa deterministi
 Turing ma
hine a

epting TQBF that takes time t0(n) and spa
e s0(n) on QBF-formulae of size 2n�(n) with at most log�(n) alternations. Then there is a set A su
h that:1. A is not autoredu
ible.2. K 6P2�T A.3. We 
an de
ide A simultaneously in time O(2n2 � t(n2) + 2n � t0(n)) and spa
e O(2n2 + s(n2) +s0(n)).Proof (of Lemma 3.4)Fix a fun
tion � satisfying the hypotheses of the lemma, and let � = p�. Let M1;M2; : : : bea standard enumeration of autoredu
tions 
lo
ked su
h that Mi runs in time n�(i) on inputs of6



length n. Our 
onstru
tion starts out with A being the empty set, and then adds strings to A insubsequent stages i = 1; 2; 3; : : : de�ned by the following sequen
e:( n0 = 0ni+1 = n�(ni)i + 1:Note that sin
e Mi runs in time n�(i), Mi 
annot query strings of length ni+1 or more on input 0ni.Fix an integer i > 1 and let m = ni. For any integer j su
h that 0 6 j 6 log �(m), let Ijdenote the set of all strings with lengths in the interval [m2j ;min(m2j+1 ;m�(m) + 1)). Note thatfIjglog �(m)j=0 forms a partition of the set I of strings with lengths in [m;m�(m)+1) = [ni; ni+1) withthe property that for any 0 6 k 6 log �(m), the length of any string in [kj=0Ij is no more than thesquare of the length of any string in Ik.During the i-th stage of the 
onstru
tion, we will en
ode the restri
tion KjI of K to I intofhb; yi j b 2 f0; 1g and y 2 Ig, and use the string 0m for diagonalizing againstMi, applying the nextstrengthening of Statement 3.1 to do so:Claim 3.1 For any set A, at least one of the following holds:(8 `y)y2I0; (9 ry)y2I0; (8 `y)y2I1; (9 ry)y2I1;: : : ; (8 `y)y2Ilog �(m) ; (9 ry)y2Ilog �(m) :MA0i (0m) a

epts (2)or (8 ry)y2I0; (9 `y)y2I0; (8 ry)y2I1; (9 `y)y2I1;: : : ; (8 ry)y2Ilog �(m) ; (9 `y)y2Ilog �(m) :MA0i (0m) reje
ts; (3)where A0 denotes A [ fh0; yi j y 2 I and `y = 1g [ fh1; yi j y 2 I and ry = 1g.Here we use (Qzy)y2Y as a shorthand for Qzy1 ; Q zy2; : : : ; Q zyjY j , where Y = fy1; y2; : : : ; yjY jg andall variables are quanti�ed over f0; 1g. Without loss of generality we assume that the range of thepairing fun
tion h�; �i is disjoint from 0�.Proof (of Claim 3.1)Fix A. If (2) does not hold, then its negation holds, i.e,(9 `y)y2I0; (8 ry)y2I0; (9 `y)y2I1 ; (8 ry)y2I1;: : : ; (9 `y)y2Ilog �(m) ; (8 ry)y2Ilog �(m) :MA0i (0m) reje
ts: (4)Swit
hing the quanti�ers (9 `y)y2Ij and (8 ry)y2Ij pairwise for every 0 6 j 6 log �(m) in (4) yieldsthe weaker statement (3). (Claim 3.1) �Figure 1 des
ribes the i-th stage in the 
onstru
tion of the set A. Note that the lexi
ographi
ally�rst values in this algorithm always exist, so the 
onstru
tion works �ne. We now argue that theresulting set A satis�es the properties of Lemma 3.4.1. The 
onstru
tion guarantees that by the end of stage i, A(0m) = 1 �MAnf0mgi (0m) holds.Sin
e Mi on input 0m 
annot query 0m (be
ause Mi is an autoredu
tion) nor any of thestrings added during subsequent stages (be
ause Mi does not even have the time to writedown any of these strings), A(0m) = 1�MAi (0m) holds for the �nal set A. So, Mi is not anautoredu
tion of A. Sin
e this is true of any autoredu
tion Mi, the set A is not autoredu
ible.7



if formula (2) holdsthen for j = 0; : : : ; log �(m)(`y)y2Ij  (K(y))y2Ij(ry)y2Ij  the lexi
ographi
ally �rst value satisfying(8 `y)y2Ij+1; (9 ry)y2Ij+1; (8 `y)y2Ij+2; (9 ry)y2Ij+2;: : : ; (8 `y)y2Ilog �(m) ; (9 ry)y2Ilog �(m) :MA0i (0m) a

epts,where A0 = A [ fh0; yi j y 2 I and `y = 1g [ fh1; yi j y 2 I and ry = 1gendforA A [ fh0; yi j y 2 I and `y = 1g [ fh1; yi j y 2 I and ry = 1gelse f formula (3) holds gfor j = 0; : : : ; log �(m)(ry)y2Ij  (K(y))y2Ij(`y)y2Ij  the lexi
ographi
ally �rst value satisfying(8 ry)y2Ij+1; (9 `y)y2Ij+1; (8 ry)y2Ij+2; (9 `y)y2Ij+2;: : : ; (8 ry)y2Ilog �(m) ; (9 `y)y2Ilog �(m) :MA0i (0m) a

epts;where A0 = A [ fh0; yi j y 2 I and `y = 1g [ fh1; yi j y 2 I and ry = 1gendforA A [ f0mg [ fh0; yi j y 2 I and `y = 1g [ fh1; yi j y 2 I and ry = 1gendif Figure 1: Stage i of the 
onstru
tion of the set A in Lemma 3.4
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2. During stage i, we en
ode KjI in the left region i� we do not put 0m into A; otherwisewe en
ode KjI in the right region. So, for any y 2 I, K(y) = A(hA(0m); yi). Therefore,K 6P2�T A.3. First note that A only 
ontains strings of the form 0m with m = ni for some integer i > 1,and strings of the form hb; yi with b 2 f0; 1g and y 2 ��.Assume we have exe
uted the 
onstru
tion of A up to but not in
luding stage i and stored theresult in memory. The additional work to de
ide the membership to A of a string belongingto the i-th stage, is as follows.
ase 0mSin
e 0m 2 A i� formula (2) does not hold and (2) is a QBF2 log �(m)-formula of size2O(m�(m)) 6 2m�(m) , we 
an de
ide whether 0m 2 A in time O(t0(m)) and spa
e O(s0(m)).
ase hb; zi where b = A(0m) and z 2 IThen hb; zi 2 A i� z 2 K, whi
h we 
an de
ide in time t(jzj) and spa
e s(jzj).
ase hb; zi where b = 1�A(0m) and z 2 ISay z 2 Ik, 0 6 k 6 log �(m). In order to 
ompute whether hb; zi 2 A, we run thepart of stage i 
orresponding to the values of j in Figure 1 up to and in
luding k, andstore the results in memory. This involves 
omputing K on [kj=0Ij and de
iding O(2jzj)QBF2 log �(m)-formulae of size 2O(m�(m)) 6 2m�(m) , namely one formula for ea
h y 2[kj=0Ij whi
h pre
edes or equals z in lexi
ographi
 order. The latter takes O(2jzj � t0(m))time and O(2jzj+s0(m)) spa
e. Sin
e every string in [kj=0Ij is of size no more than jzj2, we
an do the former in time O(2jzj2 �t(jzj2)) and spa
eO(2jzj2+s(jzj2)). So, the requirementsfor this stage are O(2jzj2 � t(jzj2) + 2jzj � t0(jzj)) time and O(2jzj2 + s(jzj2) + s0(jzj)) spa
e.A similar analysis also shows that we 
an perform the stages up to but not in
luding i in timeO(2m � (t(m) + t0(m))) and spa
e O(2m + s(m) + s0(m)).All together, this yields the time and spa
e bounds 
laimed for A. (Lemma 3.4) �Using the upper bound 2n�(n) for s0(n), the smallest standard 
omplexity 
lass to whi
h Lemma3.4 applies, seems to be EEXPSPACE. This results in Theorem 3.1.Proof (of Theorem 3.1)In Lemma 3.4, set K a 6Pm-
omplete set for EEXPSPACE, and �(n) = n. �In se
tion 4.2, we will see that 6P2�T in the statement of Theorem 3.1 is optimal: Theorem 4.5shows that Theorem 3.1 fails for 6P2�tt.We note that the proof of Theorem 3.1 
arries through for 6EXPSPACET -redu
tions with polyno-mially bounded query lengths. This implies the strengthening given by Theorem 3.2.3.2 Nonadaptive Autoredu
tionsDiagonalizing against nonadaptive autoredu
tions M is easier. If M runs in time �(n), there 
anbe no more than �(n) 
oding strings that interfere with the diagonalization, as opposed to 2�(n) inthe adaptive 
ase. This allows us to redu
e the 
omplexity of the set 
onstru
ted in Lemma 3.4 asfollows. 9



Lemma 3.5 Fix a set K, and suppose we 
an de
ide it simultaneously in time t(n) and spa
es(n). Let � : N ! (0;1) be a 
onstru
tible monotone unbounded fun
tion, and suppose there isa deterministi
 Turing ma
hine a

epting TQBF that takes time t0(n) and spa
e s0(n) on QBF-formulae of size n�(n) with at most log�(n) alternations. Then there is a set A su
h that:1. A is not nonadaptively autoredu
ible.2. K 6P3�tt A.3. We 
an de
ide A simultaneously in time O((2n + n�(n)) � (t(n2) + t0(n))) and spa
e O(2n +n�(n) + s(n2) + s0(n)).Proof (of Lemma 3.5)The 
onstru
tion of the set A is the same as in Lemma 3.4 (see Figure 1) apart from the followingdi�eren
es:� M1;M2; : : : now is a standard enumeration of nonadaptive autoredu
tions 
lo
ked su
h thatMi runs in time n�(i) on inputs of length n. Note that the set QM (x) of possible queries Mmakes on input x 
ontains no more than jxj�(i) elements.� During stage i > 1 of the 
onstru
tion, I denotes the set of all strings y with lengths in[m;m�(m) + 1) = [ni; ni+1) su
h that h0; yi 2 QMi(0m) or h1; yi 2 QMi(0m), and Ij for0 6 j 6 log �(m) denotes the set of strings in I with lengths in [m2j ;min(m2j+1 ;m�(m)+1)).Note that the only `y's and ry's that a�e
t the validity of the predi
ate \MA0i (0m) a

epts"in formula (2) and the 
orresponding formulae in Figure 1, are those for whi
h y 2 I.� At the end of stage i in Figure 1, we add the following line:A A [ fhb; yi j b 2 f0; 1g; y 2 �� with m 6 jyj < m�(m) + 1; y 62 I and K(y) = 1g:This ensures 
oding K(y) for strings y with lengths in [ni; ni+1) su
h that h0; yi nor h1; yi arequeried by Mi on input 0m. Although not essential, we 
hoose to en
ode them in both theleft and the right region.The proof that A satis�es the 3 properties 
laimed, 
arries over. Only the time and spa
e analysis inthe third point needs modi�
ation. The 
ru
ial simpli�
ation over the adaptive 
ase lies in the fa
tthat (2) and the similar formulae in Figure 1 now be
ome QBF2 log �(n)-formulae of size nO(�(m)) asopposed to of size 2O(m�(m)) in Lemma 3.4. More spe
i�
ally, referring to the proof of Lemma 3.4,we have the following 
ases regarding the work at stage i of the 
onstru
tion.
ase 0mThe above mentioned simpli�
ation takes 
are of this 
ase.
ase hb; zi where b = A(0m) and z 2 IThe argument of Lemma 3.4 
arries over as su
h.
ase hb; zi where b = 1�A(0m) and z 2 IComputingK on [kj=0Ij and storing the result 
an be done in time O(m�(m)�t(jzj2)) and spa
eO(m�(m) + s(jzj2)). De
iding the O(m�(m)) QBF2 log �(m)-formulae of size mO(�(m)) 6 m�(m)involved requires no more than O(m�(m) � t0(m)) time and O(m�(m) + s0(m)) spa
e.10




ase hb; zi where b 2 f0; 1g, m 6 jzj 6 m�(m) + 1, and z 62 I.This is an additional 
ase. By 
onstru
tion, hb; zi 2 A i� z 2 K, whi
h we 
an de
ide in timet(jzj) and spa
e s(jzj).By similar analysis, a rough estimate of the resour
es required for the previous stages of the 
on-stru
tion is O(2m � (t(m) + t0(m))) time and O(2m + s(m) + s0(m)) spa
e, resulting in a total asstated in the lemma. (Lemma 3.5) �As a 
onsequen
e, we 
an lower the spa
e 
omplexity in the equivalent of Theorem 3.1 fromdoubly exponential to singly exponential, yielding Theorem 3.3. In se
tion 4.2, we will show we
annot redu
e the number of queries from 3 to 2 in Theorem 3.3.If we restri
t the number of queries the nonadaptive autoredu
tion is allowed to make to some�xed polynomial, the proof te
hnique of Theorem 3.3 also applies to EXP. In parti
ular, we obtain:Theorem 3.6 There is a 6P3�tt-
omplete set for EXP that is not 6Pbtt-autoredu
ible.4 Autoredu
ibility ResultsFor small 
omplexity 
lasses, all 
omplete sets turn out to be autoredu
ible. Beigel and Feigenbaum[5℄ established this property of all levels of the polynomial-time hierar
hy as well as of PSPACE,the largest 
lass for whi
h it was known to hold before our work. In this se
tion, we will prove itfor the �-levels of the exponential-time hierar
hy.As to nonadaptive redu
tions, the question was even open for all levels of the polynomial-timehierar
hy. We will show here that the 6Ptt-
omplete sets for the �-levels of the polynomial-timehierar
hy are nonadaptively autoredu
ible. For any 
omplexity 
lass 
ontaining EXP, we will provethat the 6P2�tt-
omplete sets are 6P2�tt-autoredu
ible.Finally, we will also 
onsider nonuniform and randomized autoredu
tions.Throughout this se
tion, we will assume without loss of generality an en
oding 
 of a 
ompu-tation of a given ora
le Turing ma
hine M on a given input x with the following properties. 
 willbe a marked 
on
atenation of su

essive instantaneous des
riptions of M , starting with the initialinstantaneous des
ription of M on input x, su
h that:� Given a pointer to a bit in 
, we 
an �nd out whether that bit represents the answer to anora
le query by probing a 
onstant number of bits of 
.� If it is the answer to an ora
le query, the 
orresponding query is a substring of the pre�x of
 up to that point, and we 
an easily 
ompute a pointer to the beginning of that substringwithout probing 
 any further.� If it is not the answer to an ora
le query, we 
an perform a lo
al 
onsisten
y 
he
k for thatbit whi
h only depends on a 
onstant number of previous bit positions of 
 and the input x.Formally, there exist a fun
tion gM and a predi
ate eM , both polynomial-time 
omputable,and a 
onstant 
M su
h that the following holds: For any input x, any index i to a bit positionin 
, and any j, 1 6 j 6 
M , gM (x; i; j) is an index no larger than i, andeM (x; i; 
gM (x;i;1); 
gM (x;i;2); : : : ; 
gM (x;i;
M )) (5)indi
ates whether 
 passes the lo
al 
onsisten
y test for its i-th bit 
i. Provided the pre�xof 
 up to but not in
luding position i is 
orre
t, the lo
al 
onsisten
y test is passed i� 
i is
orre
t. 11



We 
all su
h an en
oding a valid 
omputation of M on input x i� the lo
al 
onsisten
y tests (5)for all the bit positions i that do not 
orrespond to ora
le answers, are passed, and the other bitsequal the ora
le's answer to the 
orresponding query. Any other string we will 
all a 
omputation.4.1 Adaptive Autoredu
tionsWe will �rst show that every 6PT-
omplete set for EXP is autoredu
ible, and then generalize to all�-levels of the exponential-time hierar
hy.Theorem 4.1 Every 6PT-
omplete set for EXP is autoredu
ible.Here is the proof idea: For any of the standard deterministi
 
omplexity 
lasses C, we 
an de
ideea
h bit of the 
omputation on a given input x within C. So, if A is a 6PT-
omplete set for Cthat 
an be de
ided by a ma
hine M within the 
on�nes of the 
lass C, then we 
an 6PT-redu
ede
iding the i-th bit of the 
omputation of M on input x to A. Now, 
onsider the two (possiblyinvalid) 
omputations we obtain by applying for every bit position the above redu
tion, answeringall queries ex
ept for x a

ording to A, and assuming x 2 A for one 
omputation, and x 62 A forthe other.Note that the 
omputation 
orresponding to the right assumption about A(x), is 
ertainly
orre
t. So, if both 
omputations yield the same answer (whi
h we 
an eÆ
iently 
he
k using Awithout querying x), that answer is 
orre
t. If not, the other 
omputation 
ontains a mistake. We
annot 
he
k both 
omputations entirely to see whi
h one is right, but given a pointer to the �rstin
orre
t bit of the wrong 
omputation, we 
an eÆ
iently verify that it is mistaken by 
he
kingonly a 
onstant number of bits of that 
omputation. The pointer is again 
omputable within C.In 
ase C � EXP, using a 6PT-redu
tion to A and assuming x 2 A or x 62 A as above, we
an determine the pointer with ora
le A (but without querying x) in polynomial time, sin
e thepointer's length is polynomially bounded.We now �ll out the details.Proof (of Theorem 4.1)Fix a 6PT-
omplete set A for EXP. Say A is a

epted by a Turing ma
hine M su
h that the
omputation of M on an input of size n has length 2p(n) for some �xed polynomial p. Without lossof generality the last bit of the 
omputation gives the �nal answer. Let gM , eM , and 
M be theformalization of the lo
al 
onsisten
y test for M as des
ribed by (5).Let �(hx; ii) denote the i-th bit of the 
omputation of M on input x. We 
an 
ompute � inEXP, so there is an ora
le Turing ma
hine R� 6PT-redu
ing � to A.Let �(x) be the �rst i, 1 6 i 6 2p(jxj), su
h that RAnfxg� (hx; ii) 6= RA[fxg� (hx; ii), provided itexists. Again, we 
an 
ompute � in EXP, so there is a 6PT-redu
tion R� from � to A.Consider the algorithm in Figure 2 for de
iding A on input x. The algorithm is a polynomial-time ora
le Turing ma
hine with ora
le A that does not query its own input x. We now argue thatit 
orre
tly de
ides A on input x. We distinguish between two 
ases:
ase RAnfxg� (hx; 2p(jxj)i) = RA[fxg� (hx; 2p(jxj)i)Sin
e at least one of the 
omputations RAnfxg� (hx; �i) or RA[fxg� (hx; �i) 
oin
ides with thea
tual 
omputation of M on input x, and the last bit of the 
omputation equals the �nalde
ision, 
orre
tness follows.
ase RAnfxg� (hx; 2p(jxj)i) 6= RA[fxg� (hx; 2p(jxj)i)If x 2 A, RAnfxg� (hx; 2p(jxj)i) = 0, so RAnfxg� (hx; �i) 
ontains a mistake. Variable i gets the12



if RAnfxg� (hx; 2p(jxj)i) = RA[fxg� (hx; 2p(jxj)i)then a

ept i� RA[fxg� (hx; 2p(jxj)i) = 1else i RA[fxg� (x)a

ept i� eM (x; i; RAnfxg� (hx; gM (x; i; 1)i); RAnfxg� (hx; gM (x; i; 2)i); : : : ;: : : ; RAnfxg� (hx; gM (x; i; 
M )i)) = 0endif Figure 2: Autoredu
tion for the set A of Theorem 4.1 on input x
orre
t value of the index of the �rst in
orre
t bit in this 
omputation, so the lo
al 
onsisten
ytest for RAnfxg� (hx; �i) being the 
omputation of M on input x fails on the i-th bit, and wea

ept x.If x 62 A, RAnfxg� (hx; �i) is a valid 
omputation, so no lo
al 
onsisten
y test fails, and we reje
tx. (Theorem 4.1) �The lo
al 
he
kability property of 
omputations used in the proof of Theorem 4.1 does notrelativize, be
ause the ora
le 
omputation steps depend on the entire query, i.e., on a number ofbits that is only limited by the resour
e bounds of the base ma
hine, in this 
ase exponentiallymany. We next show that Theorem 4.1 itself also does not relativize.Theorem 4.2 Relative to some ora
le, EXP has a 6P2�T-
omplete set that is not autoredu
ible.ProofNote that EXP has the following property:Property 4.1 There is an ora
le Turing ma
hine N running in EXP su
h that for any ora
le B,the set a

epted by NB is 6Pm-
omplete for EXPB.Without loss of generality, we assume that N runs in time 2n. Let KB denote the set a

epted byNB.We will 
onstru
t an ora
le B and a set A su
h that A is 6P2�T-
omplete for EXPB and is not6PBT -autoredu
ible.The 
onstru
tion of A is the same as in Lemma 3.4 (see Figure 1) with �(n) = log n andK = KB, ex
ept for that the redu
tions Mi now also have a

ess to the ora
le B.We will en
ode in B information about the 
onstru
tion of A that redu
es the 
omplexity of Arelative to B, but do it high enough so as not to destroy the 6P2�T-
ompleteness of A for EXPBnor the diagonalizations against 6PBT -autoredu
tions.We 
onstru
t B in stages along with A. We start with B empty. Using the notation of Lemma3.4, at the beginning of stage i, we add 02m to B i� property (2) does not hold, and at the end ofsub-stage j, we union B withfh02m2j+1 ; yi j y 2 Ij and r(y) = 1g if (2) holds at stage ifh02m2j+1 ; yi j y 2 Ij and `(y) = 1g otherwise.13



Note that this does not a�e
t the value of KB(y) for jyj < m2j+1 , nor the 
omputations of Mi oninputs of size at most m (for suÆ
iently large i su
h that mlogm < 2m). It follows from the analysisin the proof of Lemma 3.4 that the set A is 6P2�T-hard for EXPB and not 6PBT -autoredu
ible.Regarding the 
omplexity of de
iding A relative to B, note that the en
oding in the ora
le Ballows us to eliminate the need for evaluating QBFlog �(n)-formulae of size 2n�(n) . Instead, we justquery B on easily 
onstru
ted inputs of size O(2n2). Therefore, we 
an drop the terms 
orrespondingto the QBFlog �(n)-formulae of size 2n�(n) in the 
omplexity of A. Consequently, A 2 EXPB.(Theorem 4.2) �Theorem 4.2 applies to any 
omplexity 
lass 
ontaining EXP that has Property 4.1, e.g.,EXPSPACE, EEXP, EEXPSPACE, et
.Sometimes, the stru
ture of the ora
le allows us to get around the la
k of lo
al 
he
kability ofora
le queries. This is the 
ase for ora
les from the polynomial-time hierar
hy, and leads to thefollowing extension of Theorem 4.1:Theorem 4.3 For any integer k > 0, every 6PT-
omplete set for �EXPk+1 is autoredu
ible.The proof idea is as follows: Let A be a 6PT-
omplete set a

epted by the deterministi
 ora
leTuring ma
hine M with ora
le TQBFk. First note that there is a polynomial-time Turing ma
hineN su
h that a query q belongs to the ora
le TQBFk i�9 y1; 8 y2; : : : ; Qk yk : N(q; y1; y2; : : : ; yk) a

epts; (6)where the y`'s are of size polynomial in jqj.We 
onsider the two purported 
omputations of M on input x 
onstru
ted in the proof ofTheorem 4.1. One of them belongs to a party assuming x 2 A, the other one to a party assumingx 62 A. The 
omputation 
orresponding to the right assumption is 
orre
t; the other one might notbe. Now, suppose the 
omputations di�er, and we are given a pointer to the �rst bit positionwhere they disagree, whi
h turns out to be the answer to an ora
le query q. Then we 
an havethe two parties play the k-round game underlying (6): The party 
laiming q 2 TQBFk plays theexistentially quanti�ed y`'s, the other one the universally quanti�ed y`'s. The players' strategies will
onsist of 
omputing the game history so far, determining their optimal next move, 6PT-redu
ingthis 
omputation to A, and �nally produ
ing the result of this redu
tion under their respe
tiveassumption about A(x). This will guarantee that the party with the 
orre
t assumption playsoptimally. Sin
e this is also the one 
laiming the 
orre
t answer to the ora
le query q, he will winthe game, i.e., N(q; y1; y2; : : : ; yk) will equal his answer bit.The only thing the autoredu
tion for A has to do, is determine the value of N(q; y1; y2; : : : ; yk)in polynomial time using A as an ora
le but without querying x. It 
an do that along the linesof the base 
ase algorithm given in Figure 2. If during this pro
ess, the lo
al 
onsisten
y test forN 's 
omputation requires the knowledge of bits from the y`'s, we 
ompute these via the redu
tionde�ning the strategy of the 
orresponding player. The bits from q we need, we 
an retrieve fromthe M -
omputations, sin
e both 
omputations are 
orre
t up to the point where they �nishedgenerating q. On
e we know N(q; y1; y2; : : : ; yk), we 
an easily de
ide the 
orre
t assumption aboutA(x).The 
onstru
tion hinges on the hypothesis that we 
an 6PT-redu
e determining the player'smoves to A. Computing these moves 
an be
ome quite 
omplex, though, be
ause we have tore
ursively re
onstru
t the game history so far. The number of rounds k being 
onstant, seems
ru
ial for keeping the 
omplexity under 
ontrol. The 
onferen
e version of this paper [6℄ erroneously14




laimed the proof works for EXPSPACE, whi
h 
an be thought of as alternating exponential timewith an exponential number of alternations. Establishing Theorem 4.3 for EXPSPACE woulda
tually separate NL from NP, as we will see in Se
tion 5.Proof (of Theorem 4.3)Let A be a 6PT-
omplete set for �EXPk+1 = EXP�Pk a

epted by the exponential-time ora
le Turingma
hine M with ora
le TQBFk. Let gM , eM , and 
M be the formalization of the lo
al 
onsisten
ytest forM as des
ribed by (5). Without loss of generality there is a polynomial p and a polynomial-time Turing ma
hine N su
h that on inputs of size n, M makes exa
tly 2p(n) ora
le queries, all ofthe form 9 y1 2 �2p(n) ; 8 y2 2 �2p(n) ; : : : ; Qk yk 2 �2p(n) : N(q; y1; y2; : : : ; yk) a

epts; (7)where q has length 2p2(n). Moreover, the 
omputations of N in (7) ea
h have length 2p3(n), andtheir last bit represents the answer; the same holds for the 
omputations of M on inputs of lengthn. Let gN , eN , and 
N be the formalization of the lo
al 
onsisten
y test for N .We �rst de�ne a bun
h of fun
tions 
omputable in �EXPk+1 . For ea
h of them, say �, we �x anora
le Turing ma
hine R� that 6PT-redu
es � to A, and whi
h the �nal autoredu
tion for A willuse. The proofs that we 
an 
ompute these fun
tions in �EXPk+1 are straightforward.Let �(hx; ii) denote the i-th bit of the 
omputation of MTQBFk on input x, and �(x) the �rst i(if any) su
h that RAnfxg� (hx; ii) 6= RA[fxg� (hx; ii). The roles of � and � are the same as in the proofof Theorem 4.1: We will use R� to �gure out whether both possible answers for the ora
le query\x 2 A?" lead to the same �nal answer, and if not, use R� to �nd a pointer i to the �rst in
orre
tbit (in any) of the simulated 
omputation getting the negative ora
le answer x 62 A. If i turns outnot to point to an ora
le query, we 
an pro
eed as in the proof of Theorem 4.1. Otherwise, we willmake use of the following fun
tions and asso
iated redu
tions to A.We de�ne the fun
tions �` and y` indu
tively for ` = 1; : : : ; k. At ea
h level ` we �rst de�ne �`,whi
h indu
es a redu
tion R�` , and then de�ne y` based on R�` . All of these fun
tions take an inputx su
h that the i-th bit of RAnfxg� (hx; �i) is the answer to an ora
le query (7), where i = RA[fxg� (x).We de�ne �`(x) as the lexi
ographi
ally least y` 2 �2p(jxj) su
h that�[Q`+1 y`+1; Q`+2 y`+2; : : : ; Qk yk : N(q; y1(x); y2(x); : : : ; y`�1(x); y`; y`+1; : : : ; yk) a

epts℄� ` mod 2; (8)if this value does not exist, we set �`(x) = 02p(jxj) . Note that the right-hand side of (8) is 1 i� y` isexistentially quanti�ed in (7).y`(x) = ( RA[fxg�` (x) if ` � RA[fxg� (hx; ii) mod 2RAnfxg�` (x) otherwise. (9)The 
ondition on the right-hand side of (9) means that we use the hypothesis x 2 A to 
omputey`(x) from R�` in 
ase:� either y` is existentially quanti�ed in (7) and the player assuming x 2 A 
laims (7) holds,� or else y` is universally quanti�ed and the player assuming x 2 A 
laims (7) fails.Otherwise we use the hypothesis x 62 A.In 
ase i points to the answer to an ora
le query (7), the fun
tions �` and the redu
tions R�`in
orporate the moves during the su

essive rounds of the game underlying (7). The redu
tion15



R�` together with the player's assumption about membership of x to A, determines the a
tualmove y`(x) during the `-th round, namely RA[fxg�` (x) if the `-th round is played by the opponentassuming x 2 A, and RAnfxg�` (x) otherwise. The 
ondition on the right-hand side of (9) guaranteesthat the existentially quanti�ed variables are determined by the opponent 
laiming the query (7) isa true formula, and the universally quanti�ed ones by the other opponent. In parti
ular, (9) ensuresthat the opponent with the 
orre
t 
laim about (7) has a wining strategy. Provided it exists, thefun
tion �` de�nes a winning move during the `-th round of the game for the opponent playingthat round, given the way the previous rounds were a
tually played (as des
ribed by the y(x)'s).For odd `, i.e., y` is existentially quanti�ed, it tries to set y` su
h that the remainder of (7) holds;otherwise it tries to set y` su
h that the remainder of (7) fails. The a
tual move may di�er fromthe one given by �` in 
ase the player's assumption about x 2 A is in
orre
t. The opponent withthe 
orre
t assumption plays a

ording to �`. Sin
e that opponent also makes the 
orre
t 
laimabout (7), he will win the game. In any 
ase, N(q; y1; y2; : : : ; yk) will hold i� (7) holds.Finally, we de�ne the fun
tions � and � , whi
h have a similar job as the fun
tions � respe
tively�, but for the 
omputation of N(q; y1; y2; : : : ; yk) instead of the 
omputation of MTQBFk (x). Morepre
isely, �(hx; ri) equals the r-th bit of the 
omputation of N(q; y1(x); y2(x); : : : ; yk(x)), where they`(x)'s are de�ned by (9), and the bit with index i = RA[fxg� (x) in the 
omputation RAnfxg� (hx; �i) isthe answer to the ora
le query (7). We de�ne �(x) to be the �rst r (if any) for whi
h RAnfxg� (hx; ri) 6=RA[fxg� (hx; ri), provided the bit with index i = RA[fxg� (x) in the 
omputation RAnfxg� (hx; �i) is theanswer to an ora
le query.Now we have these fun
tions and 
orresponding redu
tions, we 
an des
ribe an autoredu
tion forA. On input x, it works as des
ribed in Figure 3. We next argue that the algorithm 
orre
tly de
idesA on input x. Che
king the other properties required of an autoredu
tion for A is straightforward.We only 
onsider the 
ases where RAnfxg� (hx; 2p3(jxj)i) 6= RA[fxg� (hx; 2p3(jxj)i) and i points to theanswer to an ora
le query in RAnfxg� (hx; �i). We refer to the analysis in the proof of Theorem 4.1for the remaining 
ases.
ase RAnfxg� (hx; 2p3(jxj)i) = RA[fxg� (hx; 2p3(jxj)i)If x 2 A, variable i points to the �rst in
orre
t bit of RAnfxg� (hx; �i), whi
h turns out to be theanswer to an ora
le query, say (7). Sin
e RA[fxg� (hx; 2p3(jxj)i) yields the 
orre
t ora
le answerto (7), RAnfxg� (hx; ii) 6= RA[fxg� (hx; 2p3(jxj)i) = RAnfxg� (hx; 2p3(jxj)i);and we a

ept x.If x 62 A, both RAnfxg� (hx; ii) and RAnfxg� (hx; 2p3(jxj)i) give the 
orre
t answer to the ora
lequery i points to in the 
omputation RAnfxg� (hx; �i). So, they are equal, and we reje
t x.
ase RAnfxg� (hx; 2p3(jxj)i) 6= RA[fxg� (hx; 2p3(jxj)i)Then, as des
ribed in Figure 3, we will use the lo
al 
onsisten
y test for RAnfxg� (hx; �i) beingthe 
omputation of N(q; y1(x); y2(x); � � � ; yk(x)). Apart from bits in the purported 
omputa-tion RAnfxg� (hx; �i), this test may also need bits from q and from the y`(x)'s. The y`(x)'s 
anbe 
omputed straightforwardly using their de�nition (9). The bits from q we might need, 
anbe retrieved from RAnfxg� (hx; �i). This is be
ause our en
oding s
heme for 
omputations hasthe property that the query q is a substring of the pre�x of the 
omputation up to the positionindexed by i. Sin
e either RAnfxg� (hx; �i) is 
orre
t everywhere, or else i is the �rst position16



if RAnfxg� (hx; 2p3(jxj)i) = RA[fxg� (hx; 2p3(jxj)i)then a

ept i� RA[fxg� (hx; 2p3(jxj)i) = 1else i RA[fxg� (x)if the i-th bit of RAnfxg� (hx; �i) is not the answer to an ora
le querythen a

ept i� eM (x; i; RAnfxg� (hx; gM (x; i; 1)i); RAnfxg� (hx; gM (x; i; 2)i); : : : ;: : : ; RAnfxg� (hx; gM (x; i; 
M )i)) = 0else if RAnfxg� (hx; 2p3(jxj)i) = RA[fxg� (hx; 2p3(jxj)i)then a

ept i� RAnfxg� (hx; ii) 6= RAnfxg� (hx; 2p3(jxj)i)else r  RA[fxg� (x)a

ept i� eN (q; y1; y2; : : : ; yk; r;RAnfxg� (hx; gN (q; y1; y2; : : : ; yk; r; 1)i);RAnfxg� (hx; gN (q; y1; y2; : : : ; yk; r; 2)i); : : : ;: : : ; RAnfxg� (hx; gN (q; y1; y2; : : : ; yk; r; 
N)i)) = 0where q denotes the query des
ribed in RAnfxg� (hx; �i)to whi
h the i-th bit in this 
omputation is the answerandy` = ( RA[fxg�` (x) if ` � RA[fxg� (hx; ii) mod 2RAnfxg�` (x) otherwiseendifendifendif Figure 3: Autoredu
tion for the set A of Theorem 4.3 on input xwhere is is in
orre
t, the des
ription of q in RAnfxg� (hx; �i) is 
orre
t in any 
ase. Moreover,we 
an easily 
ompute a pointer to the beginning of the substring q of RAnfxg� (hx; �i) from i.If x 2 A, RAnfxg� (hx; 2p3(jxj)i) is in
orre
t, so RAnfxg� (hx; �i) has an error as a 
omputation ofN(q; y1(x); y2(x); : : : ; yk(x)). Variable r gets assigned the index of the �rst in
orre
t bit inthis 
omputation, so the lo
al 
onsisten
y 
he
k fails, and we a

ept x.If x 62 A, RAnfxg� (hx; �i) is a valid 
omputation of N(q; y1(x); y2(x); : : : ; yk(x)), so every lo
al
onsisten
y test is passed, and we reje
t x. (Theorem 4.3) �4.2 Nonadaptive Autoredu
tionsSo far, we 
onstru
ted autoredu
tions for 6PT-
omplete sets A. On input x, we looked at thetwo 
andidate 
omputations obtained by redu
ing to A, answering all ora
le queries ex
ept for xa

ording to A, and answering query x positively for one 
andidate, and negatively for the other.If the 
andidates disagreed, we tried to �nd out the right one, whi
h always existed. We managedto get the idea to work for quite powerful sets A, e.g., EXP-
omplete sets, by exploiting the lo
al
he
kability of 
omputations. That allowed us to �gure out the wrong 
omputation without going17



through the entire 
omputation ourselves: With help from A, we �rst 
omputed a pointer to the�rst mistake in the wrong 
omputation, and then veri�ed it lo
ally.We 
annot use this adaptive approa
h for 
onstru
ting nonadaptive autoredu
tions. It seemslike �guring out the wrong 
omputation in a nonadaptive way, requires the autoredu
tion to performthe 
omputation of the base ma
hine itself, so the base ma
hine has to run in polynomial time.Then 
he
king the 
omputation essentially boils down to verifying the ora
le answers. Using thegame 
hara
terization of the polynomial-time hierar
hy along the same lines as in Theorem 4.3, we
an do this for ora
les from the polynomial-time hierar
hy.Theorem 4.4 For any integer k > 0, every 6Ptt-
omplete set for �Pk+1 is nonadaptively autore-du
ible.Parallel to the adaptive 
ase, an earlier version of this paper [6℄ stated Theorem 4.4 for unboundedk, i.e., for PSPACE. However, we only get the proof to work for 
onstant k. In Se
tion 5, we willsee that proving Theorem 4.4 for PSPACE would separate NL from NP.The only additional diÆ
ulty in the proof is that in the nonadaptive setting, we do not knowwhi
h player has to perform the even rounds, and whi
h one the odd rounds in the k-round gameunderlying a query like (6). But we 
an just have them play both s
enarios, and afterwards �gureout the relevant run.Proof (of Theorem 4.4)Let A be a6Ptt-
omplete set for �Pk+1 = P�pk a

epted by the polynomial-time ora
le Turing ma
hineM with ora
le TQBFk. Without loss of generality there is a polynomial p and a polynomial-timeTuring ma
hine N su
h that on inputs of size n, M makes exa
tly p(n) ora
le queries q, all of theform 9 y1 2 �p(n); 8 y2 2 �p(n); : : : ; Qk yk 2 �p(n) : N(q; y1; y2; : : : ; yk) a

epts; (10)where q has length p2(n). Let q(x; i) denote the i-th ora
le query of MTQBFk on input x. Notethat q 2 FP�Pk .Let Q = fhx; ii j q(x; i) 2 TQBFkg. The set Q belongs to �Pk+1, so there is a 6Ptt-redu
tion RQfrom Q to A.If for a given input x, RA[fxgQ and RAnfxgQ agree on hx; ji for every 1 6 j 6 p(jxj), we are home:We 
an simulate the base ma
hine M using RA[fxgQ (hx; ji) as the answer to the j-th ora
le query.Otherwise, we will make use of the following fun
tions �1; �2; : : : ; �k 
omputable in �Pk+1, 
or-responding ora
le Turing ma
hines R�1 ; R�2; : : : ; R�k de�ning 6Ptt-redu
tions to A, and fun
tionsy1; y2; : : : ; yk also 
omputable in �Pk+1. As in the proof of Theorem 4.3, we de�ne �` and y` indu
-tively for ` = 1; : : : ; k. They are de�ned for inputs x su
h that there is a smallest 1 6 i 6 p(jxj)for whi
h RAnfxgQ (hx; ii) 6= RA[fxgQ (hx; ii). The value of �`(x) equals the lexi
ographi
ally leasty` 2 �p(jxj) su
h that�[Q`+1 y`+1; Q`+2 y`+2; : : : ; Qk yk : N(q(x; i); y1(x); y2(x); : : : ; y`�1(x); y`; y`+1; : : : ; yk) a

epts℄� ` mod 2; (11)we set �`(x) = 0p(jxj) if su
h string does not exist. The right-hand side of (11) is 1 i� y` isexistentially quanti�ed in (10).y` = ( RA[fxg�` (x) if ` � RA[fxgQ (hx; ii) mod 2RAnfxg�` (x) otherwise. (12)18



The 
ondition on the right-hand side of (12) means that we use the hypothesis x 2 A to 
omputey`(x) from R�` in 
ase:� either y` is existentially quanti�ed in (10) and the assumption x 2 A leads to 
laiming that(10) holds,� or else y` is universally quanti�ed and the assumption x 2 A leads to 
laiming that (10) fails.The intuitive meaning of the fun
tions �` and the redu
tions R�` is similar to in the proofof Theorem 4.3: They 
apture the moves during the `-th round of the game underlying (10) forq = q(x; i). The fun
tion �` en
apsulates an optimal move during round ` if it exists, and theredu
tion R�` under the player's assumption regarding membership of x to A, produ
es the a
tualmove in that round. The 
ondition on the right-hand side of (12) guarantees the 
orre
t alternationof rounds. We refer to the proof of Theorem 4.3 for more intuition.Consider the algorithm in Figure 4. Note that the only queries to A the algorithm in Figure 4if RAnfxgQ (hx; ji) = RA[fxgQ (hx; ji) for every 1 6 j 6 p(jxj)then a

ept i� M a

epts x when the j-th ora
le query is answered RA[fxgQ (hx; ji)else i �rst j su
h that RAnfxgQ (hx; ji) 6= RA[fxgQ (hx; ji)a

ept i� N(q; y1; y2; : : : ; yk) = RA[fxgQ (hx; ii)where q denotes the i-th query of M on input xwhen the answer to the j-th ora
le query is given by RA[fxgQ (hx; ji)andy` = ( RA[fxg�` (x) if ` � RA[fxgQ (hx; ii) mod 2RAnfxg�` (x) otherwiseendifFigure 4: Nonadaptive autoredu
tion for the set A of Theorem 4.4 on input xneeds to make, are the queries of RQ di�erent from x on inputs hx; ji for 1 6 j 6 p(jxj), and thequeries of R�` di�erent from x on input x for 1 6 ` 6 k. Sin
e RQ and the R�` 's are nonadaptive,it follows that Figure 4 des
ribes a 6Ptt-redu
tion to A that does not query its own input. A similarbut simpli�ed argument as in the proof of Theorem 4.3 shows that it a

epts A. So, A is nonadap-tively autoredu
ible. (Theorem 4.4) �Next, we 
onsider more restri
ted redu
tions. Using a di�erent te
hnique, we show:Theorem 4.5 For any 
omplexity 
lass C, every 6P2�tt-
omplete set for C is 6P2�tt-autoredu
ible,provided C is 
losed under exponential-time redu
tions that only ask one query whi
h is smaller inlength.In parti
ular, Theorem 4.5 applies to C = EXP;EXPSPACE, and EEXPSPACE. In view ofTheorems 3.1 and 3.3, this implies that Theorems 3.1, 3.3, and 4.5 are optimal.The proof exploits the ability of EXP to simulate all polynomial-time redu
tions to 
onstru
tan auxiliary set D within C su
h that any 6P2�tt-redu
tions of D to some �xed 
omplete set A hasa property that indu
es an autoredu
tion on A.19



Proof (of Theorem 4.5)Let M1;M2; : : : be a standard enumeration of 6P2�tt-redu
tions su
h that Mi runs in time ni oninputs of size n. Let A be a 6P2�tt-
omplete set for C.Consider the set D that only 
ontains strings of the form h0i; xi for i 2 N and x 2 ��, and isde
ided by the algorithm of Figure 5 on su
h an input. Ex
ept for de
iding A(x), the algorithm
ase truth-table of Mi on input h0i; xi with the truth-value of query x set to A(x)
onstant:a

ept i� MAi reje
ts h0i; xiof the form \y 62 A":a

ept i� x 62 Aotherwise:a

ept i� x 2 Aend
aseFigure 5: Algorithm for the set D of Theorem 4.5 on input h0i; xi.runs in exponential time. Therefore, under the given 
onditions on C, D 2 C, so there is a 6P2�tt-redu
tion Mj from D to A.The 
onstru
tion of D diagonalizes against every 6P2�tt-redu
tion Mi of D to A whose truth-table on input h0i; xi would be
ome 
onstant on
e we �lled in the membership bit for x. Therefore,for every input x, one of the following 
ases holds for the truth-table of Mj on input h0j ; xi.� The redu
ed truth-table is of the form \y 2 A" with y 6= x.Then y 2 A,Mj a

epts h0j; xi , x 2 A.� The redu
ed truth-table is of the form \y 62 A" with y 6= x.Then y 62 A,Mj a

epts h0j; xi , x 62 A.� The truth-table depends on the membership to A of 2 strings di�erent from x.Then MAj does not query x on input h0j; xi, and a

epts i� x 2 A.The above analysis shows that the algorithm of Figure 6 des
ribes a 6P2�tt-redu
tion of A.if jQMj (h0j; xi) n fxgj = 2then a

ept i� MAj a

epts h0j ; xielse f jQMj (h0j; xi) n fxgj = 1 gy  unique element of QMj (h0j ; xi) n fxga

ept i� y 2 AendifFigure 6: Autoredu
tion 
onstru
ted in the proof of Theorem 4.5(Theorem 4.5) �
20



4.3 Probabilisti
 and Nonuniform Autoredu
tionsThe previous results in this se
tion trivially imply that the 6PT-
omplete sets for the �-levels ofthe exponential-time hierar
hy are probabilisti
ally autoredu
ible, and the 6Ptt-
omplete sets forthe �-levels of the polynomial-time hierar
hy are probabilisti
ally nonadaptively autoredu
ible.Randomness allows us the prove more in the nonadaptive 
ase.First, we 
an establish Theorem 4.4 for EXP:Theorem 4.6 Let f be a 
onstru
tible fun
tion. Every 6Pf(n)�tt-
omplete set for EXP is probabilis-ti
ally 6PO(f(n))�tt-autoredu
ible. In parti
ular, every 6Ptt-
omplete set for EXP is probabilisti
allynonadaptively autoredu
ible.Proof (of Theorem 4.6)Let A be a 6Pf(n)�tt-
omplete set for EXP. We will apply the PCP Theorem for EXP [2℄ to A.Lemma 4.7 ([2℄) There is a 
onstant k su
h that for any set A 2 EXP, there is a polynomial-timeTuring ma
hine V and a polynomial p su
h that for any input x:� If x 2 A, then there exists a proof ora
le � su
h thatPrjrj=p(jxj)[V �(x; r) a

epts ℄ = 1: (13)� If x 62 A, then for any proof ora
le �Prjrj=p(jxj)[V �(x; r) a

epts ℄ 6 13 :Moreover, V never makes more than k proof ora
le queries, and there is a proof ora
le ~� 2 EXPindependent of x su
h that (13) holds for � = ~� in 
ase x 2 A.Translating Lemma 4.7 into our terminology, we obtain:Lemma 4.8 There is a 
onstant k su
h that for any set A 2 EXP, there is a probabilisti
 6Pk�tt-redu
tion N , and a set B 2 EXP su
h that for any input x:� If x 2 A, then NB(x) always a

epts.� If x 62 A, then for any ora
le C, NC(x) a

epts with probability at most 13 .Let R be a 6Pf(n)�tt-redu
tion of B to A, and 
onsider the probabilisti
 redu
tion MA that oninput x, runs N on input x with ora
le RA[fxg. MA is a probabilisti
 6Pk�f(n)�tt-redu
tion to Athat never queries its own input. The following shows it de�nes a redu
tion from A:� If x 2 A, RA[fxg = RA = B, so MA(x) = NB(x) always a

epts.� If x 62 A, then for C = RA[fxg, MA(x) = NC(x) a

epts with probability at most 13 .(Theorem 4.6) �Note that Theorem 4.6 makes it plausible why we did not manage to s
ale down Theorem 3.2by one exponent to EXPSPACE in the nonadaptive setting, as we were able to do for our otherresults in Se
tion 3 when going from the adaptive to the nonadaptive 
ase: This would separateEXP from EXPSPACE.We suggest the extension of Theorem 4.6 to the �-levels of the exponential-time hierar
hy asan interesting problem for further resear
h.Se
ond, Theorem 4.4 also holds for NP: 21



Theorem 4.9 All 6Ptt-
omplete sets for NP are probabilisti
ally nonadaptively autoredu
ible.Proof (of Theorem 4.9)Fix a 6Ptt-
omplete set A for NP. Let RA denote a length nonde
reasing 6Pm-redu
tion of A toSAT.De�ne the setW = fh�; 0ii j� is a Boolean formula with, say m variables and 9 a 2 �m : [�(a) and ai = 1℄g:Sin
e W 2 NP, there is a 6Ptt-redu
tion RW from W to A.We will use the following probabilisti
 algorithm by Valiant and Vazirani [18℄:Lemma 4.10 ([18℄) There exists a polynomial-time probabilisti
 Turing ma
hine N that on inputa Boolean formula ' with n variables, outputs another quanti�er free Boolean formula � = N(')su
h that:� If ' is satis�able, then with probability at least 14n , � has a unique satisfying assignment.� If ' is not satis�able, then � is never satis�able.Now 
onsider the following algorithm for A: On input x, run N on input RA(x), yielding aBoolean formula � with, say m variables, and it a

epts i��(RA[fxgW (h�; 0i); RA[fxgW (h�; 00i); : : : ; RA[fxgW (h�; 0ii); : : : ; RA[fxgW (h�; 0mi))evaluates to true. Note that this algorithm des
ribes a probabilisti
 6Ptt-redu
tion to A that neverqueries its own input. Moreover:� If x 2 A, then with probability at least 14jxj , the Valiant-Vazirani algorithm N produ
es aBoolean formula � with a unique satisfying assignment ~a�. In that 
ase, the assignment weuse (RA[fxgW (h�; 0i); RA[fxgW (h�; 00i); : : : ; RA[fxgW (h�; 0ii); : : : ; RA[fxgW (h�; 0mi)) equals ~a�, andwe a

ept x.� If x 62 A, any Boolean formula � whi
h N produ
es has no satisfying assignment, so we alwaysreje
t x.Exe
uting �(n) independent runs of this algorithm, and a

epting i� any of them a

epts, yields aprobabilisti
 nonadaptive autoredu
tion for A. (Theorem 4.9) �So, for probabilisti
 autoredu
tions, we get similar results as for deterministi
 ones: Low end
omplexity 
lasses turn out to have the property that their 
omplete sets are autoredu
ible, whereashigh end 
omplexity 
lasses do not. As we will see in more detail in the next se
tion, this stru
turaldi�eren
e yields separations.If we allow nonuniformity, the situation 
hanges dramati
ally. Sin
e probabilisti
 autoredu
ibil-ity implies nonuniform autoredu
ibility [5℄, all our positive results for small 
omplexity 
lasses 
arryover to the nonuniform setting. But, as we will see next, the negative results do not, be
ause alsothe 
omplete sets for large 
omplexity 
lasses be
ome autoredu
ible, both in the adaptive and in thenonadaptive 
ase. So, uniformity is 
ru
ial for separating 
omplexity 
lasses using autoredu
ibility,and the Razborov-Rudi
h result [14℄ does not apply.Feigenbaum and Fortnow [7℄ de�ne the following 
on
ept of #P-robustness, of whi
h we also
onsider the nonadaptive variant. 22



De�nition 4.1 A set A is #P-robust if #PA � FPA; A is nonadaptively #P-robust if #PAtt �FPAtt.Nonadaptive #P-robustness implies #P-robustness. For the usual deterministi
 and nonde-terministi
 
omplexity 
lasses 
ontaining PSPACE, all 6PT-
omplete sets are #P-robust. For thedeterministi
 
lasses 
ontaining PSPACE, it is also true that the 6Ptt-
omplete sets are nonadap-tively #P-robust.The following 
onne
tion with nonuniform autoredu
ibility holds:Theorem 4.11 All #P-robust sets are nonuniformly autoredu
ible. All nonadaptively #P-robustsets are nonuniformly nonadaptively autoredu
ible.ProofFeigenbaum and Fortnow [7℄ show that every #P-robust language is random-self-redu
ible. Beigeland Feigenbaum [5℄ prove that every random-self-redu
ible set is nonuniformly autoredu
ible (or\weakly 
oherent" as they 
all it). Their proofs 
arry over to the nonadaptive setting. �It follows that the 6Ptt-
omplete sets for the usual deterministi
 
omplexity 
lasses 
ontainingPSPACE are all nonuniformly nonadaptively autoredu
ible. The same holds for adaptive redu
-tions, in whi
h 
ase the property is also true of nondeterministi
 
omplexity 
lasses 
ontainingPSPACE. In parti
ular, we get the following:Corollary 4.12 All 6PT-
omplete sets for NEXP, EXPSPACE, EEXP, NEEXP, EEXPSPACE,. . . are nonuniformly autoredu
ible. All 6Ptt-
omplete sets for PSPACE, EXP, EXPSPACE, . . . arenonuniformly nonadaptively autoredu
ible.5 Separation ResultsIn this se
tion, we will see how we 
an use the stru
tural property of all 
omplete sets beingautoredu
ible to separate 
omplexity 
lasses. Based on the results of Se
tions 3 and 4, we onlyget separations that were already known: EXPH 6= EEXPSPACE (by Theorems 4.3 and 3.1),EXP 6= EEXPSPACE (by Theorems 4.6 and 3.2), and PH 6= EXPSPACE (by Theorems 4.4 and3.3, and also by s
aling down EXPH 6= EEXPSPACE). However, settling the question for 
ertainother 
lasses, would yield impressive new separations.We summarize the impli
ations in Figure 7.Theorem 5.1 In Figure 7, a positive answer to a question from the �rst 
olumn, implies theseparation in the se
ond 
olumn, and a negative answer, the separation in the third 
olumn.Most of the entries in Figure 7 follow dire
tly from the results of the previous se
tions. In order to�nish the table, we use the next lemma:Lemma 5.2 If NP = NL, we 
an de
ide the validity of QBF-formulae of size t and with 
 alter-nations on a deterministi
 Turing ma
hine M1 in time tO(

) and on a nondeterministi
 Turingma
hine M2 in spa
e O(

 log t), for some 
onstant 
.Proof (of Lemma 5.2)Sin
e 
oNP = NP, by Cook's Theorem we 
an transform in polynomial time a �1-formula withfree variables into an equivalent �1-formula with the same free variables, and vi
e versa. Sin
e23



question yes noAre all 6PT-
omplete sets for EXPSPACE autoredu
ible? NL 6= NP PH 6= PSPACEAre all 6PT-
omplete sets for EEXP autoredu
ible? NL 6= NPP 6= PSPACE PH 6= EXPAre all 6Ptt-
omplete sets for PSPACE 6Ptt-autoredu
ible? NL 6= NP PH 6= PSPACEAre all 6Ptt-
omplete sets for EXP 6Ptt-autoredu
ible? NL 6= NPP 6= PSPACE PH 6= EXPAre all 6Ptt-
omplete sets for EXPSPACEprobabilisti
ally 6Ptt-autoredu
ible? NL 6= NP P 6= PSPACEFigure 7: Separation results using autoredu
ibilityNP = P, we 
an de
ide the validity of �1-formulae in polynomial-time. Say both the transformationalgorithm T and the satis�ability algorithm S run in time n
 for some 
onstant 
.Let � be a QBF-formula of size t with 
 alternations. Consider the following algorithm forde
iding �: Repeatedly apply the transformation T to the largest suÆx that 
onstitutes a �1- or�1-formula until the whole formula be
omes �1, and then run S on it.This algorithm 
orre
tly de
ides the truth of �. Sin
e the number of alternations de
reases byone during every iteration, it makes at most 
 
alls to T , ea
h time at most raising the length ofthe formula to the power 
. It follows that the algorithm runs in time tO(

).Moreover, sin
e P = NL, a padding argument shows that DTIME[� ℄ � NSPACE[log � ℄ for anytime 
onstru
tible fun
tion � . Therefore the result holds. (Lemma 5.2) �This allows us to improve Theorems 3.2 and 3.3 as follows under the hypothesis NP = NL:Theorem 5.3 If NP = NL, there is a 6P2�T-
omplete set for EXPSPACE that is not probabilisti-
ally autoredu
ible. The same holds for EEXP instead of EXPSPACE.ProofCombine Lemma 5.2 with the probabilisti
 extension of Lemma 3.4 used in the proof of Theorem3.2. �Theorem 5.4 If NP = NL, there is a 6P3�tt-
omplete set for PSPACE that is not nonadaptivelyautoredu
ible. The same holds for EXP instead of PSPACE.ProofCombining Lemma 5.2 with Lemma 3.5 for �(n) = n yields the result for EXP. The one forPSPACE follows, sin
e NP = NL implies that EXP = PSPACE. �Now, we have all ingredients for establishing Figure 7:Proof (of Theorem 5.1)The NL 6= NP impli
ations in the \yes"-
olumn of Figure 7 immediately follow from Theorems 5.3and 5.4 by 
ontraposition. 24



By Theorem 3.1, a positive answer to the 2nd question in Figure 7 would yield EEXP 6=EEXPSPACE, and by Theorem 3.3, a positive answer to the 4th question would imply EXP 6=EXPSPACE. By padding, both translate down to P 6= PSPACE.Similarly, by Theorem 4.3, a negative answer to the 2nd question would imply EXPH 6= EEXP,whi
h pads down to PH 6= EXP. A negative answer to the 4th question would yield PH 6= EXPdire
tly by Theorem 4.4. By the same token, a negative answer to the 1st question results inEXPH 6= EXPSPACE and PH 6= PSPACE, and a negative answer to the 3rd question in PH 6=PSPACE. By Theorem 4.6, a negative answer to the last question implies EXP 6= EXPSPACE andP 6= PSPACE. �We note that we 
an tighten all of the separations in Figure 7 a bit, be
ause we 
an applyLemmata 3.4 and 3.5 to smaller 
lasses than in Theorems 3.1 respe
tively 3.3. One improvementalong these lines that might warrant attention is that we 
an repla
e \NL 6= NP" in Figure 7 by\
oNP 6� NP \ NSPACE[logO(1) n℄." This is be
ause that 
ondition suÆ
es for Theorems 5.3 and5.4, sin
e we 
an strengthen Lemma 5.2 as follows:Lemma 5.5 If 
oNP � NP \ NSPACE[logO(1) n℄, we 
an de
ide the validity of QBF-formulaeof size t and with 
 alternations on a deterministi
 Turing ma
hine M1 in time tO(

) and on anondeterministi
 Turing ma
hine M2 in spa
e O(d
 logd t), for some 
onstants 
 and d.6 Con
lusionWe have studied the question whether all 
omplete sets are autoredu
ible for various 
omplexity
lasses and various redu
ibilities. We obtained a positive answer for lower 
omplexity 
lasses inSe
tion 4, and a negative one for higher 
omplexity 
lasses in Se
tion 3. This way, we separatedthese lower 
omplexity 
lasses from these higher ones by highlighting a stru
tural di�eren
e. Theresulting separations were not new, but we argued in Se
tion 5 that settling the very same questionfor intermediate 
omplexity 
lasses, would provide major new separations.We believe that re�nements to our te
hniques may lead to them, and would like to end with afew words about some thoughts in that dire
tion.One does not have to look at 
omplete sets only. Let C1 � C2. Suppose we know that all
omplete sets for C2 are autoredu
ible. Then it suÆ
es to 
onstru
t, e.g., along the lines of Lemma3.4, a hard set for C1 that is not autoredu
ible, in order to separate C1 from C2.As we mentioned at the end of Se
tion 5, we 
an improve Theorem 3.1 a bit by applying Lemma3.4 to smaller spa
e-bounded 
lasses than EEXPSPACE. We 
annot hope to gain mu
h, though,sin
e the 
oding in the proof of Lemma 3.4 seems to be DSPACE[2n�(n)℄-
omplete be
ause of theQBF2 log �(n)-formulae of size 2O(n�(n)) involved for inputs of size n. The same holds for Theorem3.3 and Lemma 3.5.Generalizations of autoredu
ibility may allow us to push things further. For example, one 
ouldlook at k(n)-autoredu
ibility where k(n) bits of the set remain unknown to the querying ma
hine.Theorem 4.3 goes through for k(n) 2 O(log n). Perhaps one 
an exploit this leeway in the 
oding ofLemma 3.4 and narrow the gap between the positive and negative results. As dis
ussed in Se
tion5, that would yield interesting separations.Finally, one may want to look at other properties than autoredu
ibility to realize Post's Programin 
omplexity theory. Perhaps another 
on
ept from 
omputability theory or a more arti�
ialproperty 
an be used to separate 
omplexity 
lasses.
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